Abstract. The WARP system defines a dissimilarity measure between shapes described by their contours which is based on Dynamic Time Warping of Fourier Descriptors based signatures. These signatures are invariant to translation, scaling, rotation, and selection of the starting point. However, identical shapes present ambiguous signatures and similar shapes may yield significantly different signatures. Differences affect rotation and starting-point of the signatures, which may lead to poor performance in classification and shape retrieval tasks. We propose a different signature method to provide true rotation invariance and a Cyclic Dynamic Time Warping dissimilarity measure to achieve true startingpoint invariance in shape comparisons.
Introduction
Content-based image retrieval is being increasingly demanded in many applications: digital libraries, broadcast media selection, multimedia editing, etc. [7] . In order to be effective in classification an retrieval tasks, shape descriptions, combined with (dis)similarity measures, must be robust to noise and invariant to transformations such as translation, scaling, and rotation.
Recently, Bartolini et al. have proposed a new Discrete Fourier Transform based approach to represent and compare shapes: the WARP System [1] . The normalized, low-frequency Fourier Descriptors (FDs) (including phase information) are used to reconstruct the original shape. We will refer to the reconstructed shape with the term signature. The signature is a good approximation to the original shape and contains a small number of points. Moreover, it is a sequence of complex values with a canonical starting point, which makes it amenable to be compared to other signatures by means of standard sequence comparison methods. The WARP system uses Dynamic Time Warping (DTW) in order to compare sequences [6] . In [1] , some experiments on the SQUID Demo and MPEG-7 CE-Shape-1 databases show that the WARP system outperforms other indexable curvature-based shape descriptors and FDs-based signatures that do not take into account phase information.
The WARP system presents two drawbacks: (1) reconstructing the shape contour from normalized FDs produces signatures with an ambiguity modulo a rotation of π radians [2] (which also affects the starting-point selection); and (2) perceptually similar shapes may have significantly different signatures (in orientation and starting point selection), which leads to poor performance of DTW-based comparisons. In order to solve these problems, we propose (1) a different encoding of the shape contour (which is based on the derivative of the reconstructed contour), and (2) to compare derivative-based signatures by means of a Cyclic Dynamic Time Warping dissimilarity measure.
The paper is organized as follows: In Sect. 2, some notation is introduced. In Sect. 3, the WARP system is reviewed and the observed drawbacks are pointed out. A simple improvement to the WARP system which provides better rotation invariance and a Cyclic Dynamic Time Warping procedure that provides starting point invariance when comparing signatures are presented in Sect. 4. In Sect. 5, experimental results on image retrievals tasks for the SQUID Demo and MPEG-7 CE-Shape-1 databases compare the different methods. Finally, some conclusions are presented in Sect. 6.
Notation
Shapes can be coded as a cyclic sequence of points along the contour. A cyclic sequence can be viewed as the set of sequences obtained by cyclically shifting a representative sequence (i.e., by choosing different starting points).
Let C * be the closure of C, the field of complex numbers, under a concatenation operator and let a = a 0 a 1 
The WARP System
Dynamic Time Warping (DTW) of sequences of 2D points describing shapes is sensitive to changes in position, scale, orientation of contours and to selection of their starting points. Therefore, DTW does not lead to good dissimilarity measures when the original, cyclic sequences describing shapes are used. The WARP images retrieval system [1] is based on the DTW-based comparison of compact, normalized signatures of shapes. 
The pair (i , j ) is said to align a i with b j . The weight of an alignment is defined as 0≤ <k δ(a i , b j ), where δ is a "local dissimilarity" function that the WARP system defines as δ(
An optimal alignment is an alignment of minimum weight.
The DTW dissimilarity measure
is the weight of an optimal alignment and is defined as 
Drawbacks of the WARP System
It should be noted that subtracting (θ −1 + θ 1 )/2 to the orientation of all FDs only provides rotation invariance modulo π radians [2] . The WARP system does not consider this ambiguity. Anyway, let us consider that the rotation ambiguity is not present. The basic idea of the WARP system is that, after normalization, all shapes have a canonical version with a "standard" centroid, scale, rotation, and starting point and thus, can be compared by means of the DTW dissimilarity measure. But this is a flawed reasoning: invariance is only achieved for different translations, scalings, rotations, and starting points of the same shape. Different shapes (even similar ones) may differ substantially in their normalized orientation and starting point. Fig. 2 shows three perceptually similar figures (in fact, the second and third ones have been obtained from the first one by slightly compressing the horizontal axis) whose normalized version are significantly different in terms of orientation and starting point. This problem appears frequently in shapes whose basic ellipse is almost a circle. Invariance to rotation and starting point election should be provided by a different method.
In the next section, we present an alternative signature which provides better rotation invariance for similar shapes and a dissimilarity measure which is not affected by the starting point of the signature.
Cyclic Dynamic Time Warping: A Rotation and Starting-Point Invariance Comparison
We have seen that the signature of similar shapes may present different orientations (Fig. 2) . True rotation invariance can be obtained by taking the derivative of the normalized shape, i.e., replacing a i by a i − a (i−1) mod M . We need this derivative signature to use the dissimilarity measure that is detailed next. When two signatures have "equivalent" starting points, DTW provides a good dissimilarity measure. However, we have seen that similar shapes can present very different starting points. It is useful to consider the problem under the framework of cyclic alignments, i.e., alignments between cyclic sequences.
Let 
, where δ is the local dissimilarity measure. An optimal cyclic alignment is a cyclic alignment of minimum weight.
The Cyclic Dynamic Time Warping (CDTW) dissimilarity measureD([a], [b] ) is defined as the square root of the weight of the optimal cyclic alignment between a and b. First, we are going to show that the optimal cyclic alignment can be defined in terms of alignments between non-cyclic sequences, i.e., in terms of D (·, ·) ; then, we will present an efficient procedure to compute it. 
conducted some precision (P) versus recall (R) shape retrieval experiments with 30 query images from the 10 semantic categories. For each query, images in the same category were considered relevant and all the others were considered irrelevant. Since we do not know which query images were used, we have run queries on the 252 labeled shapes. Fig. 5 shows the precision/recall graph for 3 retrieval procedures: (i) WARP: the standard WARP system; (ii) Derivative: derivative of the reconstructed contour as a shape signature and DTW-based comparison; (iii) CDTW: derivative of the reconstructed contour and comparison by means of the Cyclic Dynamic Time Warping dissimilarity. It can be seen that the two methods proposed in this work improve the WARP results. The signature based on the derivative provides a better precision/recall curve, thus confirming that the WARP system is sensitive to variation of orientation in the signatures of similar (but not identical) shapes. There is also a significant difference between CDTW-comparison and the other methods. In [1] , the WARP system was also compared to a Curvature Scale Space (CSS) based image retrieval on the same MPEG-7 experiment presented in [3] . A CSS-based query system obtained an average precision of 37.72% (the maximum precision attainable in that experiment is 50%) and the WARP system obtained a 29.25% average precision. Bartolini et al. explain in [1] that the CSS system is an approximate query processing algorithm that can easily lead to false dismissals (filtering out best-matching images) by discarding shapes with an aspect ratio greater than a user threshold. Other techniques with similar or slightly better results are not suitable for efficient indexing and, thus, can only be used in small-size databases. Using the derivative-based signature, the average precision is 31.29%. The precision raises to 34.17% when the CDTW is used.
Conclusions
In this work, we have critically studied the WARP system, detected some drawbacks, and presented several ways to improve its precision/recall behavior on shape-based image retrieval tasks: (a) using the original signatures derivative, (b) using the signature derivative with a CDTW comparison. Proposal (a) provides better results than the WARP system and proposal (b) offers the best precision/recall.
The CDTW dissimilarity has been defined and an algorithm to compute it in O(M 2 log M ) for two signatures of length M has been presented. We have shown that the Cyclic Edit Distance algorithm presented by Maes cannot be directly extended to CDTW: two conventional DTW dissimilarities must be computed for each cyclic shift of one sequence. Fortunately, one of these dissimilarities can be obtained as a subproduct of the computation of the other.
